In this paper we analyze the nearly optimal block diagonal scalings of the rows of one factor and the columns of the other factor in the triangular form of the SR decomposition. The result is a block generalization of the result of the van der Sluis about the almost optimal diagonal scalings of the general rectangular matrices.
Introduction
The QR factorization and the closely related QR algorithm are one of the workhorses in solving general eigenvalue problems. It is well-known that the QR algorithm preserves the symmetric structure of the matrix whose eigenvalues are to be computed such that the computed eigenvalues will all be real (even so rounding errors are unavoidable). Unfortunately, there are a number of structured problems whose structure is not preserved by the QR algorithm. Thus, general QR-like methods, in which the QR factorizations are replaced by other factorizations have been studied by several authors, see, e.g., [14] . Here we consider the SR decomposition which can be used in the SR algorithm which preserves the symplectic as well as the Hamiltonian structure.
For a matrix G P R 2m,2m an SR decomposition is given by G " r S r R " r S˜r R 11 r R 12 r R 21 r R 22¸, (
where r S is symplectic, i.e., r S T J r S " J for the skew-symmetric matrix J defined as J "ˆ0 Í I 0˙P R 2m,2m .
As usual, I P R m,m denotes the identity matrix. The matrix r R is J-triangular, that is, R ij are upper triangular, and R 21 has zero diagonal. The SR decomposition (1.1) exists if all leading submatrices of even dimension of P G T JGP T are nonsingular (see, e.g., [6, Theorem 11] or [3, Theorem 3.8] ), and P is the (perfect shuffle) permutation matrix P " pe 1 , e 3 , . . . , e 2m´1 , e 2 , e 4 , . . . , e 2m q, where e k , k " 1, . . . , m are vectors of the canonical basis. The set of 2mˆ2m SR decomposable matrices is thus dense in R 2m,2m . The SR decomposition is not unique as with G " r S r R also G " S r R r is an SR decomposition of G where S r " r S r D´1 and R r " r D r R for a matrix
with diagonal matrices C, F P R m,m . If uniqueness is required, there are various possibilities how to make it unique by adding requirements on S or r R (see, e.g., [7] for a summary of the typical suggestions).
Symplectic matrices may be arbitrarily ill-conditioned. Thus, one is interested in making use of the non-uniqueness of the SR decomposition by choosing r S (or r R) factor so that its condition is as good as possible. Some first-order componentwise and normwise perturbation bounds for a certain unique SR decomposition (diagpR 11 q " | diagpR 22 q|, diagpR 21 q " 0) can be found in [4] (see also [5] , while in [7] it is discussed how to choose the entries of the 2ˆ2 submatrices p r R 11 q jj p r R 12 q jj 0 p r R 22 q jjo f the J-triangular matrix r R in order to minimize the condition number of r R or the condition number of r S. Assume that G " r S r R is a SR decomposition of G. We will consider the question on how to choose the matrix r D as in (1.2) such that the SR decomposition
of G has either an nearly optimally conditioned S r or an nearly optimally conditioned R r . In particular, we try to answer the questions on how to choose r D r and r D c such that
and
where r D denotes the set of all nonsingular 2mˆ2m matrices of the form (1.2), and α R , α C P R.
It is well-known that equilibration tends to reduce the condition number of a matrix. Equilibration means the scaling of the rows (and/or columns) of a matrix such that the norms of all rows (and/or columns) obtain equal norms. This has already been studied by van der Sluis in [13] (see also [9] ). If G P R m,n is a full rank matrix, than
, where S k denotes the set of all nonsingular kˆk diagonal matrices and e k the kth column of the identity matrix. In this paper we will generalize these results.
To be precise, we will consider not just the scaling of the SR decomposition of square matrices G P R 2m,2m , but we will allow for rectangular G P R 2m,2n where m ě n. Its standard SR decomposition is given by
where r S P R 2m,2m is symplectic, r R 11 , r R 12 , r R 22 P R n,n are upper triangular, r R 21 P R n,n is upper triangular with zero diagonal and 0 m´n P R m´n,n denotes a zero matrix. The rest of the paper is organized as follows. In Section 2 some preliminary observations are given which will be helpful for the later discussion. In Section 3 we find the almost optimal block-diagonal scaling from the left-hand side of the triangular factor R in the SR decomposition. Section 4 contains similar results for the right-hand blockdiagonal scalings of the symplectic factor S. In Section 5 some connections to other types of factorizations are given. In particular, the symplectic QR factorization [12] and the Cholesky-like factorization of skew-symmetric matrices presented in [2] (see also [1] ) are considered. The results obtained in Sections 3 and 4 apply immediately. In the final section the theoretical results are illustrated on four examples -two for column scalings of the triangular factor R and two for the scalings of the factor permuted symplectic factor S, respectively.
Preliminary lemmata
Before we tackle these two problems in the next sections, we will derive two helpful lemmata. The first lemma is a straightforward consequence of the Leibniz formula for the determinant of a 2ˆ2 matrix. 3
Lemma 2.1. For all matrices B :" pB 1 , B 2 q, B 1 , B 2 P R m it holds
Next we will proof a formulae for the condition number of a 2ˆ2 matrix. For this, we make use of the following well-known facts (see, e.g., [8] ) for A, B P R n,n and the singular value decomposition B " U ΣV T with U T U " V T V " I, Σ " diagpσ 1 pBq, . . . , σ n pBqq:
Lemma 2.2. For any matrix B P R 2,2 its spectral condition number in terms of its determinant and and Frobenius norm can be written as
where σ max pBq and σ min pBq are the maximal and minimal singular values of B.
Proof. 
Therefore, squares of the singular values can be written by using the coefficients of the polynomial,
Hence, the spectral condition number of B can be expressed as
3. Nearly optimal block-row scaling of r R Now we are ready to consider the problem (1.3). It is easy to see that for a Jtriangular matrix r R P R 2n,2n the permuted matrix r P r R r P T is an upper triangular matrix. Similarly, a matrix r D P R 2n,2n of the form (1.2) is permuted to the block diagonal matrix
and as the spectral norm is unitary invariant, we have κ 2 p r D r Rq " κ 2 pDRq. Thus, instead of (1.3) we will actually consider the following equivalent problem. Given an upper triangular matrix R P R 2n,2n find a matrix D r such that
where D denotes the set of all nonsingular 2nˆ2n matrices of the form (3.1) and α R P R.
As any D P D is a block diagonal matrix with 2ˆ2 blocks on the diagonal, we will block R accordingly
with R ij P R 2,2 for i " 1, . . . , j, j " 1, . . . , n and diagonal blocks R jj "˜r for j " 1, . . . , n. Thus, we will consider
where jth block-row of the matrix X is
such that L T j denotes the jth block row of the matrix R. Denote the two columns of L j by L j1 and L j2 , respectively,
We will tackle our problem in three steps. First we will see that it is possible to choose D j such that D j minimizes the Frobenius norm of X j and the two rows of X j have the same Frobenius norm β j . Next we will discuss how to choose D r such that all row of X have the same Frobenius norm β ě β j . Finally, we will give an answer for (3.2).
Thus, we start our discussion by first seeing what can be achieved locally by looking at the jth block row of X. We are looking for D j that minimizes the Frobenius norm of X j .
The Frobenius norm of X j can now be expressed as
With this we are ready to state an optimal scaling D j for the jth block row of R.
Thus, for the Frobenius norm of the jth block row of R for the optimal p D j it holds
Proof. The partial derivatives of }X j } F with respect to c jj and f jj need to be equal to zero. Differentiating (3.7) gives
Rewriting the second equation as
and substituting this expression into the first equation yields
that is,
With Lemma 2.1 we obtain (3.9), and therefore (3.10). As the Hessian matrix
s symmetric positive definite (its trace and its determinants are positive),ĉ jj andf jj as in (3.9) and (3.10) give the global minimum of min cjj ,fjj }L j D T j } F . By substituting the optimalĉ jj andf jj into (3.7) we obtain with Lemma 2.1
It also holds that the two rows of X j have the same norm.
Corollary 3.2. It holds that
, it is easy to compute the squared norm of the second row of X j ,
Therefore, from (3.6), it follows that for the squared norm of the first row of X j that
holds, i.e., both rows of
The spectral condition number of the matrix p D j from (3.8), as well as the Frobenius condition number can be obtained easily. 
Proof. The spectral condition number is a direct consequence of Lemma 2.2
and the following observation obtained with the help of Lemma 2.1
The following connection between columns L j and the matrix p D´1 j will be useful later on.
Proposition 3.4. Let L j be the jth block column of the matrix R T as in (3.5), and p D j as in Theorem 3.1. Let the QL factorization ( [8] ) of L j be given by
with the orthogonal matrix V j P R 2n,2n , V T j V j " I 2n and the lower triangular factor
Then it holds for all j " 1, . . . , n that
Proof. We immediately have it follows thatl
With (3.8)-(3.11) we obtain
The following lemma is an easy consequence of Proposition 3.4. It will be helpful in proving the main theorem of this section.
Lemma 3.5. Let L j be the jth block column of the matrix R T defined by (3.5) with the QL factorization as in Proposition 3.4 and p D j as in Theorem 3.1. For any matrix B P R 2,2 it holds
Proof. From (3.14) it follows
and by using the unitary invariance of the spectral norm we obtain
Our findings so far allow to construct a scaling matrix p
Proof. The requirement that all rows of r DR " r DL T should have the same norm β gives relations analogous to (3.12)-(3.13) for all j " 1, . . . , n 
If β ě β j , the equation has two real solutions (3.17),
It is not possible to achieve the a row scaling with a diagonal block scaling.
Remark
These two equations imply that the products }L j2 } 2 }L j1 } 2 have to be identical for all indices j, which is only valid for very special cases.
Now we are ready for the main theorem in the section. Taking any
Theorem 3.6 gives a block scaling r D r such that all rows of the matrix r D r R have the same norm equal to β. Indeed, its condition number could be close to the optimal scaling as it is in the standard case due to the result of van der Sluis.
Theorem 3.8. Let R P R 2n,2n as in (3.3) be given. Let L " R T be as in (3.5) and D j , j " 1, . . . , n given as (3.4). Let p D j , j " 1, . . . , n be as in (3.8) and Theorem 3.1. Let β j , j " 1, . . . , n be as in Theorem 3.1. Finally, let β and γ be defined as Let r D r and r D j , j " 1, . . . , n be as in (3.15) and Theorem 3.6. Then r D r R is nearly optimally scaled. More precisely, it holds
Proof. According to Theorem 3.6 all rows of the matrix X " r D r R have the same norm β. Therefore,
In order to be able to give a bound on κ 2 pXq " }X} 2 }X´1} 2 we need to find a bound on }X´1} 2 . Since the spectral norm is submultiplicative, for any nonsingular matrix D we have
In particular, this holds for a block-diagonal matrix D " diagpD 1 , . . . , D n q P D. With this, we have D r D´1 r " diagpD 1 r D´1 1 , . . . , D n r D´1 n q 11 and }D r D´1 r } 2 " max j"1,...,n
. . , n as in (3.8) . From Lemma 3.5 with B " D j we obtain 
and the roots
By inserting (3.24)-(3.25) into (3.23) we obtain
with γ as in (3.20) . As D j L T j represent the jth block row of DR we can write
with M j " pe 2j´1 , e 2j q T .
Since the spectral norm is submultiplicative and }M j } 2 " 1, we have
for all j " 1, . . . , n. By inserting this result in (3.26) it holds
From (3.21)-(3.22) and (3.27) we obtain
Since the previous formula is valid for all block diagonal matrices D P D the statement of the theorem follows.
Nearly optimal block-column scaling of r S
In this section we consider the problem (1.4). As in the previous section, we will consider an equivalent problem stated using permuted version of the matrices under consideration. In particular, we will make use of the permuted version of the matrix r D as in (3.1), and of the permuted version S of the symplectic matrix r S, where r S " ps 1 , s 2 , . . . , s 2n´1 , s 2n q P R
2m,2n
S " r S r P T " ps 1 , s n`1 , s 2 , s n`2 , . . . , s n , s 2n q.
As SD " p r S r P T qp r P r D r P T q " r S r D r P T and as the spectral norm is unitary invariant, we have κ 2 p r S r Dq " κ 2 pSDq. Thus, instead of (1.4) we will consider the following problem. Given a permuted symplectic matrix S P R 2m,2n with S T JS " p Jp1 : 2n, 1 : 2nq find a matrix D c such that
where D denotes the set of all nonsingular 2nˆ2n matrices of the form (3.1) and α C P R.
Remark 4.1. The optimal choice r D r from Theorem 3.6 is in general not optimal for (4.1), that is κ 2 pS r D´1 r q is not always less or equal to α C min DPD pSD´1q. See Example 6.3 for an illustration.
We will proceed in three steps as in the previous section to find an answer to (4.1). In the first step we look for upper triangular blocks
such that they minimize the Frobenius norm of the product S j D´1 j , where the columns of S j are S j " ps j , s n`j q.
We obtain a theorem similar to Theorem 3.1.
Theorem 4.2. Let S " ps 1 , s n`1 , s 2 , s n`2 , . . . , s n , s 2n q P R 2m,2n with S T JS " p Jp1 : 2n, 1 : 2nq be given. For j " 1, . . . , n let S j " ps j , s n`j q and D j as in (4.2). The Frobenius norm }S j D´1 j } 2 F , j " 1, . . . , n is minimized foȓ
Thus, for the Frobenius norm of the jth block column S j of S for the optimalD j it holds
The proof is analogous to the one of Theorem 3.1 and it is therefore omitted here. In addition, it is easy to prove that the two columns of S jD´1 j have the same norm.
Corollary 4.3. It holds that
Proof. The assertion follows immediately,
2 . 14 Next we state a theorem similar to Theorem 3.6. That is, we determine a scaling
such that all columns of the matrix S q D´1 c have the same Frobenius norm δ.
Theorem 4.4. Let S " ps 1 , s n`1 , s 2 , s n`2 , . . . , s n , s 2n q P R 2m,2n with S T JS " p Jp1 : 2n, 1 : 2nq be given. Let δ j be as in Theorem 4.2. Let δ ě δ j . All columns of S q D´1 c have the same norm δ for q
for j " 1, . . . , n witȟ
The proof is analogous to the one of Theorem 3.6 and it is therefore omitted here. Finally, we state the main theorem on the block scaling of S similar to Theorem 3.8.
Theorem 4.5. Let S " ps 1 , s n`1 , s 2 , s n`2 , . . . , s n , s 2n q P R 2m,2n with S T JS " p Jp1 : 2n, 1 : 2nq be given. Let δ j be as in Theorem 4.2. Let δ and µ be defined as δ :" max j"1,...,n tδ j u, µ :" min j"1,...,n tδ j u.
Let q D c and q D j , j " 1, . . . , n be as in (4.3) and Theorem 4.4. Then S q D´1 c is nearly optimally scaled. More precisely, it holds
The proof is analogous to the one of Theorem 3.8 and it is therefore omitted here.
Remark 4.6. The optimal choice r D c from Theorem 4.5 is in general not optimal for (3.2), that is κ 2 p q D r Rq is not always less or equal to α R min DPD pDRq. See Example 6.3 for an illustration.
Connections to related factorizations
In the next two subsections we show that the stated results are valid for the both factors obtained from the symplectic QR factorization of matrix, and the factor R obtained by the skew-symmetric (Cholesky-like) factorization of a (skew symmetric) matrix A.
Symplectic QR factorization
The symplectic QR factorization of a matrix G P R 2m,2n into the product QR with an upper triangular matrix R P R 2n,2n and an matrix Q P R 2m,2n which satisfies Q T p JQ " p Jp1 : 2n, 1 : 2nq has been proposed in [12] . If G T JG is nonsingular, then G can be factorized as GP " QR where P is a suitable permutation matrix.
The result of Section 3 is valid as stated since the symplectic QR factorization computes the upper triangular factor R. The results of Section 4 can be applied to matrix Q since P Q " S. Therefore, we have
and, due to unitary equivalence of the spectral norm
Skew-symmetric Cholesky-like factorization
For any G P R 2m,2n , m ě n the matrix G T JG is skew-symmetric as J T "´J. Assume that we are given a permuted SR decomposition of G, G " SR with the permuted symplectic matrix S (that is, S T JS " p Jp1 : 2n, 1 : 2nq) and an upper triangular matrix
This factorization of A (almost) corresponds to the Cholesky-like factorization of skewsymmetric matrices given in [2] (see also [1] ). In these papers it is proven that any skewsymmetric matrix B P R 2m,2m whose leading principal submatrices of even dimension are nonsingular has a unique factorization
where L is upper triangular with ℓ 2j´1,2j " 0, ℓ 2j´1,2j´1 ą 0 and ℓ 2j,2j "˘ℓ 2j´1,2j´1 for j " 1, . . . , m. Thus L has 2ˆ2 blocks of the form ℓ 0 0˘ℓṙ unning down the main diagonal. Thus, if R in (5.1) is such that its 2ˆ2 diagonal blocks are matrices of the form r 0 0˘rṫ
he decomposition (5.1) (and hence the SR decomposition of G) is unique (the fact concerning the unique SR decomposition has already been noted in [10] ). Moreover, Theorem 3.8 can be applied to R and we obtain not only an optimal scaled R in the SR decomposition of G, but also the unique Cholesky-like factorization with optimal block scaling.
But usually, R will have diagonal blocks R jj , j " 1, . . . , n which are upper triangular, for j " 1, . . . , n. Again, Theorem 3.8 can be applied to R and we obtain not only an optimal scaled R in the SR decomposition of G, but also a non-unique Cholesky-like factorization with optimal block scaling.
holds.
Numerical examples
In this section we show behavior of the nearly optimal scalings of the factors R and S. The first example shows that the condition number of the scaled matrix r D r R can be significantly smaller than the condition number of R, while the second example shows that the bound
can be significantly larger that 1, and the condition number of the scaled matrix can rise. Since the factor R has quite wildly scaled rows, with the nontrivial elements in each 2ˆ2 diagonal block significantly smaller than the elements in the rest of the corresponding rows, the scaled triangular factor r D r R has a significantly lower condition number than R. This example shows that the optimal scaling, such that all rows have the same norm, can worsen the condition number of R.
The third example shows that the condition number of S q D´1 r can be significantly smaller than the condition number of S, while the fourth example shows that the bound
can be larger than 1, and the condition number of the scaled matrix can rise. Matrices S in the next two examples are computed in the 80-bit extended precision arithmetic. The easiest way to produce the examples is to compute the matrix Q by the symplectic QR factorization (see [12] ) and then permute the rows, S " P Q, to obtain S. Note that the matrices R are not needed for conclusion about the optimal scaling of the factor S in the SR decomposition. If G is needed, any triangular matrix R will do. Then G is computed in multiple precision arithemtic as G " SR. 
In this case κ 2 pSq " 1.0327e`06, κ 2 pS q D´1 c q " 1.0623, δ " 1.000049, µ " 1.000024, and the row-norms are equal to 1.000049 while α C " 3.4815. Note that in this case we have a very precise estimation of the maximal condition number over all block diagonal scalings of the form (3.1).
If the matrix S is scaled by the factor r D´1 r from Example 6.1, instead of q D´1 c , then κ 2 pS r D´1 r q « 3.8465e`10. In the case of r D´1 r from Example 6.2 the condition number is even higher, κ 2 pS r D´1 r q « 2.0251e`14. On the other hand, if q D c is used to scale R from Example 6.1 we get κ 2 p q D c Rq « 5.4894e`20. For R from Example 6.2 the result is very similar, κ 2 p q D c Rq « 2.29358e`17.
Example 6.4. Now suppose that S is computed by the SR decomposition of G, G «¨1
. with the row-norms equal to 1.7800, and α C " 10.1756.
Concluding remarks
The results of this paper may help to refine the relative perturbation results for the eigendecomposition of skew-symmetric matrices computed by the algorithm derived by Pietzsch in his PhD thesis [11] .
